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PREFACE. 



Thb esammation of eiisting bridges for 
streDgtb and true two rthin ess lias oftcasi- 
oned the use of formulas not accessible 
to the writer in published form. In pro- 
caring the formulas by direct solution, 
the amount of labor entailed has been I 
great. The avoidaQce of a repetition of 
this labor, on the part of others who may ' 
require these formulas, is beheved to be 
sufficient reason for now publishing the 
resolts obtained. 

The formulas referred to are such aa 
take account of longitudinal as well b 
eimoltaneouslj acting transverse loads, I 
while the beam is itself held in various ] 
ways. 



for ordinary beams 
semi-columns, &c., c 

Thus, expression 
of rational formula 
been obtained — for] 
transcending the o: 
mulas in coincident 
experimental result 
known the compo 
furnished a true ke 
loads. 

Also the effect oi 
bearings has been ] 



H. Sabine, Commissioner of Eailroads 
and Telegraphs for Ohio, in which ser- 
vice results were sought, in critical 
cases, that were worthy of the utmpst 
possible confidence. S. TV. R. 

Ohio State Universfty, 
April 24, 1882. 




Strengtli ot Wrougbt-lron Bridge Memlwrs. 

I. — General Theory of Beams. 

Examples of beams coming under a 
more general theory than tbat of mere 
tranavorse loading are found in bridges; 
the Bame. for complete solution, requir- 
ing unusual formulas. 

To make clear the nature of these 
formulae, the conditions to which cer- 
tain bridge members are subject may 
be referred to. Thus, in some InstanceB, 
the chords of truss bridges are required 
to carry the floor beams, one, two or mora 
of them, to each panel. Now, when a 
tnun of cars comes upon a bridge, the 
floor-beam loads rest down upon the 
chord members and deflect them into 
downward bowing curves, causing 
" transTerse strains," or "bending mo- 
ments." Simiiltaueonely, the load iipoa 
the bridge causes endlong strains in the 
same chard members; tension for the 
tl)9^flCi and compression for the upper 
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The oonditions of the piece jast re- 
ferred to as regftrda ionding and snp- 
ports are stated in general terms, but it > 
is evident that tbey include all aucli apa- 
ciaJ conditions as eonccuti'ated loads; 
distributed loads ; one end fixed and the 
other free : one end fixed nnJ the other 
supported ; both ends supported ; both 
ends fixed, &c. 

TEUB FLKXHRAL MOMENT ANT ITS BEaiSTANCK 



Before pl'oceeding to special cases, it is 
DAoeesary to consider the pseud o-pliiloa- 
oph; of eccentric neutral axis in beama 
subject to both endlong and cross forces. 

For the sake of fixing the ideas, let 
Yig. 1 represent a beam fixed at the end, 
B, and free at the end, A. Let the cross 
force, P, act at right angles to the beam, 
and the endlong force, T, in tlie direc- 
tion of the length, both being applied at 
tlie free end of the beam. The bending 
vill be as shown, the fibers on the upper 
side of the beam being stretched, and 
those on the lower side being c 
if X is nob too great. 
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Now, undoubtedly one effect of T is to 
elongate tlie whole beam and every part 
of it, tlii'owing the neutral axis for fJl tba 
stresses, downward fi-om the lino ACB 
to some line C'B', or C"B" This dis- 

p]aoenieitt is proportional to — for the 
section at the distance x, from the free 
end of the beam. If 'l'zz:o, the displatie- 
iQenti=o, anywheire. IfP=o, the dis' 
placement is oc, anywhere. If x=o, the 
displacement = qd. If a:=i, and P very 
small, the displacement is very great- 
But for T and P moderate, the displace- 
ment is moderate. For T and P con- 
Btantand x variuble, the departure of the 
line of the neutral axis, C'B' fi-om CB, 
increases as x decreases, and, geometri- 
oatly speaking, it is asymptotic to the ho- 
rizontal through B, and to the vertical, 
through A. Though this line is a real 
'nevtrat axis, as regards strosa, it can 
eftsily be shown that it is not the moat 
convenient hue iu which to place the 
origin of moments, for the well known 
■ difierential equation of the elastic curve, 
viz.: 
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This eqiiatioTi, as it st 
tdon of momentB of for 
member being tbe earn 
of tbe forces acting on 
the iBt member is tbe 
juente of tbe internal fo} 
resisting bending, or, i 
" moment of resistance 
The origin of momenta,] 
for this equation, is taU 
tain cross section of tbJ 
stance, DF, and tben tM 
f orceB are to be espres J 
nlar origin of momcnl 
B tben integrated, resfl 
Jion of tbe elastic, gi^| 
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ered, no one doubts ; but ir^here it shoulct 
be taken is eerioualy quQBtioned. Some 
initera definitely locate it, by saying that 
the moment of inertia, I, ie here TSriable, 
because the neutral ttxis, which is sup- 
posed coincident with the axis for L is 
not parallel to the beam. According 
to this, if C'B' be the neutral axia, 
as above deecribe<^, the origin of mo- 
ments must be taken at L, in applying 
the above general equation (1) to Fig. 
1. The moment of inertia, I, of the 
section, DF, ie then to be expressed 
(or the moment of inertia a\is at L, coin- 
ciding with the origin of moments. 
Kow, to diseuBS this conchision, draw Q- 
H, DF, and JK, as shown. Let the 
portion, SO, of the beam be supposed 
to stretch, displacing DF to JK, thia 
stretch being due to T. Again, let the 
bonding moments displace GH, through 
an angle to FD, causing a stretch in the 
upper fibers and a compression in the 
lower fibers of tlie beam, the triangles. 
O'FG and O'HD, representing the two 
actioDB respectively. Respecting a fiber, 
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be granted that tbo origm H 
for eqnfltion (I) be taken fl 
neutral asds. C'B'. at L. Til 
i-where the croes section, JK I 
fintersecte the real neutral asia 
li is tlie point in the section, J 
there is artnally no longitndil 
The figure indicatcH this, eincel 
of the beam, GF stands for B\ 
to cross sti-ain ; FR, the etretc 
long strain, their sum, 6K, 
total stretch or strees. This st 
and less in going down frooi 
nntil it vanisheEi at L, where th 
lines, GL and KL, for the stres 
intersect on the neutral axis, C 
Now. in 
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where the moment of inertia, I, of the 
first member, is to be so expressed that 
its axis coincides in position with the 
origin of moments, L. Let the beam be 
regarded as uniform in cross section from 
end to end, with the line, ACOB travers- 
ing the center of gravity of any cross 
section. Let T^ represent the moment of 
inertia of the cross section considered, 
for an axis located at the center of grav- 
ity of that section. For KJ, this axis is 
at O, the point O being the "priDcipalaxis" 
or " center of inertia." Now, a well-known 
principle in mechanics, by which I may 
be obtained from I„ gives 

1=1, 4- section JK.LO' . (3). 

Hence the first member of equation (2) 
is 

— =^-f- section JK.LO^ 
P P P 

= — '4--K.L0^ . . (4). 
P P ^ 

where K is here taken for the cross sec- 
tion JK. 

The denominator p is the radius of 
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S O' and <? /=0' O, the section, K, being 
the same whole section, JK. In this, 
the dl is=0' 0=F K^D J. 
Hence 

T.SO'=fK.O'0=fK.— .SO' 

P 
or 

P 

combining this with (4), we get 

^-=— '+T.LO 

P P 

Comparing with equation (2) we have 

£^=:^»4.T.L0=P.AE-'I .EL 
P P 
or 

— »=P.AE-T.EL-T.LO 

P 

=P.AE-T (EL + LO) 
or 

— •=fIV^=P.AE~T.EO.=M 
P «* 

= 2Fx-Xry . . (6). 

This equation has for its first member 
the ordinary expression for the moment 
of elastic resistance of beams, subject 



uwjuBiuerea, or at O, Fig. 1 
9cond member expresses simply th 
lents of the applied forces for the 
•igiii of moments, viz.: the point C 
Hence it follows that in cases of 
•e of beams, where part of the force 
i:)lie(l in an endlong or longitudini 
3tion, the moments may unhesitati 
expressed with reference to an o: 
moments located at the center of ^ 
of the cross section con side 
nation (5) makes this evident, 
y for the moment of resistance 
the entire number of the app 



n the above transformation the radius of oi 
P has been all tlie time rej?arded as of the i 

'.. Fifj. 1 shows that this is correct. For It 
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forces. Indeed, a little consideration of 
M, in equation (5), shows that the above 
statement respecting the moment of the 
applied forces is true in general ; that is 
to say, it is true for any number of 
forces, having any conceivable points 
of application, and having any conceiv- 
able lines of direction. For each 
force may be resolved into two compo- 
nents, one longitudinal and the other 
transverse such as T.EO and P.AR re- 
spectively and added, ^Ty being the 
algebraic sum of the moments of all the 
former, and ^Fx of the latter. It is to be 
understood that in the integrations, proper 
limits are to be chosen, so that no point 
of concentration of applied force be over- 
stepped in this, any more than in ordi- 
nary problems. 

These facts place all problems in the 
resistance of beams on the same basis, 
that is to say, equation (6) applies with 
equal truth and exactness for a beam 
subject to the action of any system of 
forces, however complex, as for the sim- 
ple case oi a single transverse force ; I, 
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8iaotlj return J K to D F. In this the 
end of the beam will not be raised or 
lowered, the deflection being entirely 
dae to the two forces acting at the end 
of the beam. The stress in the beam is 
now simply that represented by tlie tri- 
angles O' G F and O' D H. The mo- 



laent of resistance 



' nsis for I be- 



ing nt O', and the moment of P will be 
P.AII. But as to T we have a couph 
between T at the line AE and— T at O' 
the arm of the couple being RO. Hence 
the moment of this couple is T.RO'. All 
t^ese moments are seen to have the 
ongin of moments at the point 0, or O' 
both being practically the same point. 
This re eetablisheB equation (5). 

So far. the endlong force, when 
Spoken of in connection with Fig. li 
has been treated as producing tension. 
But it is easily seen that eimilnr reason- 
ing fallows furT, so taken as to compress 
the beam. Indeed, the algebraic sum, 
ST}/, mentioned above, contemplated 
well as negative forces. 



KilUiition (5) enablee ns to ftpd tte 
i(iuutli)n of iho elastic onrre of fhabflBt 
Kiiini. 1 {living the equatiaaa gf ^ 
urvts wtt nin readily find tlie *deflaoUMBL 

Lt iuiN point. Also ihe motoi&ot jot. 

idiiiii M, may be found as aoon M^m 

iiilviinwii conHbmts of integxalioii P4}, 

It t« riiiiiuul. . .- 

.1 

I'lniK MAXIMDU STUAIN IH AHT OBdSS 'a 

tUeOTION. ^ 

l^N aid of tlio moment M and the 
lon^^ fillets T, we may find the 
Hiraiii produotul in any croBB Beotkm of ■ 
th«^ Ix'jiin, iiH for instance in the sedtioft' 
^* ^^» l^'ifj:. 1. At the top of the betti^* 
tlio strain Ih GK, and at the bottom it* 

^ ' cue beincr the crreater, it is the 09B# 

sought. "^ ^ 

The strain GK is the sum of two^* 

parts, GF and FK, the former being 

th ^ /^ *^^ «ioment M of bending, and 

- ^ ^^^^^ to the direct tension T. To 

^® total amount of this strain p«r 

^ch, ^e may apply th^ well 

ormula for the strength o' 

"'"''^g the part GF thus 
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where M ie given by equHtion (5), as the 
algebraic Bum of the mdmentB of all the 
applied forces, the center of gravity of 
|be section considered being the origin 
of moments, I, the principal momtnt of 
inertia for the same section, as previously 
ptabed, (V, the distance from the center of 
gravity of the section to that point 
where the strain is greatest, or to 
where rapture or failure begins, as the 
iBfie may be, aud f, is the strain due 
ki the moment M. In Fig. 1 0' is 
Bie center of gravity of the section 
DF considered, I^ is the moment o 
inertia of that section for 0' the axis, 
ind rf, is O'F. Ab a formula for de- 
termining the moment of ultimate re- 
nstance of beams, t, m to be assumed 
}qnAl the ultimate resistance or mo- 
Inlus of resistance to rupture. Eqno- 
ion (6) i^ the converse of this, where M 
h pTedetermined and (^ found as a stress 
onaiderably below the ultimate value, 
^.C^uhiting the ultimate strength of 



formula (6) is known to p 
wide of the truth. This 
the fact th&t the law of i 
BUtaace iti iha neighborhocMl of n 
tnre dAviaten groutly from the lav 
perftK:t elnsticity. But within the dfl 
tia limitM, ae will nsu&ll; be the oi 
■with (0), the fomiiK aa is well 
will be li-uthfiU. The strain FK Kg„ 
as above explained is due to T, aiai 
the inteuBity be ropreseuted hy t^tt 
the sectional area DF by K, we will 
dently have 

f,K=T .... 
Let (,t=GK, Fig. 1, stand for 
whole maximum strain per square i 
in the section considered. 
Then 

T 



(=(, + (,= ^' + ^, 



a perfectly general formula, free fro 

all asHumed approximations escept 

*^anc6 where p is placed equal tl 

icential CO- efficient. Thi 

by all writers o] 

■ that the error in 1^ 
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B&BnmptioQ is of no practioal import 
nrhateTer in beams as ordinarily used. 
It is zero where the bent beam is not 
inclined to the axis x, and for an incliua- 
of 10° it ie less than 5 per cent. 

It is to be observed that for raptnr- 
iilg strains d^ is to be taken as the dis- 
tance from the center of gravity of the 
Section to the point where the rupture 
takes place, whether it be by tension or 
lompression. 

When the beam is reetanguJar in 
eectioii with a breadth b and depth 
% we have 



andK=fi(^ 



id hence (8) becomes. 



bd'^bd 



(9). 



Here rf, disappears, as indeed it will 
B all cases where the cross section of 
le beam is symmetrical with respect to 
I axis to that section taken horizontal 
igh O' Pig. 1. 






••>»., 




,1 ""'If,.- '■"•"'I 



. "'■■■I, , '" '«««, 






Tl,!. 



^W.l 









^•-' 



27 

floor beams. The section at the middle 
of the length will receive the greateet 
moment of strEiin due to ABC, &c., 
while the tension T is nniform through- 
out. Now, that t,=o, the centers of th« 
eyes must be rnised a distance ab, shown 
at the middle section, so that for ths 
DO&ximum bridge load, . 



T.ab= 



(euax of the momeote of AB and 
I P, with respect to « , . (10). 



When this condition is exactly satis- 
fied, the middle part of the beam near 
JK will be simply stretched and not 
efraag into curvatiu'e. But if the body 
of the bar be straight when free from 
atnun, it wUl, when under the condition, 
(10) be sprung at points near the eyes. 
The problem then becomes complex be- 
osufie ab varies with the spring, and 
would require to be determined with due 
regard to the amount of flexure, as snb- 
sequently done in this article. 
' But it is possible to so cuj-ye the bar 
in the manufacture, that any part of it 
)» simply stretched when bearing ita 



^straight line from a, Fig. 2, each way. 
b> tbe centers o( the eyes, the diBtance 
>S being formeil by (10). If tliere were 
two floor beams on the link, say A andD 
inly, then the link should be straight 
^ween A antl J), and (ilso between 
Iheee points and the centers of the eyes, 
lie lines fnina point to point being con- 
itantly at mid-depth of the body of the 
tar. If the floor beitms were bo niuner- 
ns as to be treated as constituting & 
[iiiiformly distribated load, the cniwe of 
center line of the body of the link 
rotild be a parabola ranning from center 
it) center of eyes, with vertex at a, and 
riib the principal axis vertical. Eqaa^ 
ion (10) would etill determine ab, the 
. member being regarded as the sum 
the movements of ail forces except T. 
For this case the equation would take 

; %tiA='B= — J- for the middle poiut, 
Id (11). 
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where the cxoea sectt**^ 
beam i« non-Bymmetrical- •» 
MM in Mi>per chords of l>r»^«^ 
•wnter ut gravity of that section »« » 
(■^iiml luid thfin >ib laid off, downwW*-' 
th« upper chord and upward '" 
Umm chord. 

When flliord members are very W 
th« iiiiiinent due to their own w« 
itlu.iilil h« found and ab determinod 
ail. 
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structoreB are to be examined, it . 
come necessary to make a carehi 
mination of the moment M. T 
this requirement the various cases 
ing have been worked out. 

Before taking up the special ci 
examination of the expressions 
moments of applied forces, shoi 
the integrations all come undi 
general forms, and it will be see 
decidedly preferable to perform t 
integrations once for all than to in 
for each special case. 

TA« firtt geiieral form ix 






DitTerentiatv twice, and 
Now put 



sting I 



wad differentiate twice. 



and we get 



t 



;»•■:. 



or 



a 



whence, by integrati' 

2p 

x=i—-hj^. log 

V A . 

Passing to expone 
ing in part, 

xVa 2D 

E if" "R-w amiftrinor Hnth T 
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solving for n we obtain 



2D 2D' -**^ 
A"''CX' 



- — + A— ,e 



(13) 



=^^= Ay + Ba; + D*' + F 
The second general form is 

^^=-Ay-B»-Da;'-F . . (14). 

Differentiate twice aijd 

ax ox 



Put 

dx 



A^^n 



and differentiate twice 

da^ dx dx 

or 

£--A«-2D 

Multiply through by dn and inte- 
grate and 
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or (In 

But 1.-^3 

x=^ Bin ^4xe^+i^ 

BinCa V A. 4- C / ) = :^^^X5^ 
SoWvsig for w, we obtain 

lAaon of (,13) a 

iftee, it is only 

-%dnxidant ten 

tB of inte^: 



35 



SOM£ OF THE PRINCIPAL CASES UNDER 
MIXED STRAINS. 

I. For the first case let the beam he 
fixed at one end, free at the other, and 
having a load P and pull T applied at the 
free end. 

Fig. 1 or la represents it. The first 
question arising is whether to apply 
(13) or (16). An inquiry will reveal the 
fact that the sign of Ty determines 
which. The calculus demands that the 




Figure la 



ordinate and second differential coeffici- 
ent have contrary signs when the curve 
is concave toward the axis of x. Hence 
in Fig. 1 they are contrary. Taking T 
positive when it is directed toward the 
beam, and negative when from it, we 
will have, for T pointing outward as in 
Fig 1 or la. 
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r 1h ii.jf iHMTjttive makes the sign ^^ 

.III' I 'I'v rilike. • A ^I 

'•■' >v,.nience let the ^^^"^^^^ 

l.,.,l„,.,M..l in the f«"°^°f.;^riBcipd 
I Ih ,nj. :ilNV2iys regarded as tii» A' ^^^| 
ni..ii....,t ..f inertia of the cross ^^ ^ 
iIm l>. »nn. Then we have for the ong^ 
"I nH.mriits at C, Fig- la^ ^^ ^ 

» 'I ililint rri jit A, 

l" mitjvnito this equation, we req 
' >■') »».vauso tho si^ms of Ty and Ay 
">'1''\ uh,o of the second differential 

• '"iVu'iruls. 
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n here differing from the n used in the 
integrations for (13) and (15). 

The above equation for this case is 
given in Strength of Materials^ by De 
Volson Wood, p. 300, 2d ed. 

Let the length of the beam be ^, and 
the^distance of the point of appHcation 
of T below the center of gravity of the 
end of the beam be h. Then if x=o 
fj=h, and 






and 



Q / nx —nx\ -nx 

Ay+Ba;=-^/e —e^ j+AAe 



But 



^t''^=^{'^^^'~"y^^ne 



dv 

-^=0 for aj=^and 

dx 

(J / ni —nl\ —nl 






Ahfie 



The value of C, from this, introduced 
above, gives 
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Tf =" • 

IxitZ' "''"Son ,__ 

A/so /J7J*. 
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"P / nl —nl\ 

tie ^e )-2TA 

•'i m —nl 

e +e 
Jhen. h=o, 

'-rf^n-l [ =Mmax. (19). 

e +e ) 
ith h restored and P=o 

Ty.= nr^r/ (20). 

e +e 

Evidently the resultant of T and P 
Ight be substituted, and be considered 
a single force acting obliquely. Con- 
rsely any single force acting obliquely 
the end of the beam could be resolved 
to components corresponding with T 
id P. 

If we imagine this resultant acting at 
le end of A, its prolongation would 
tereect the beam when h is downward, 
his point of intersection would evi- 
aitly be a pomt of contrary flexure at 
bich the moment would be zero. The 






-2tU 







•r-i**-' 
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obtained from (19) is the same numeric- 
ally for P -f 618 for — which is evidently 
as it should be, while for T changed in 
sign it would be greater. 

Hence, changing the sign of T, our 
equation of moments for this case be- 
comes, as evident from Fig. 4, for the 




Figure 4 



origin of moments at C and of co-ordi- 
nates at A. 

fl2 = -Ty-Pa!=M . . . (21) 

This may be integrated by aid of equa- 
tion (15), as the signs are proper to it, 

iwhere, 

T P 

€l el 



1 ^Hence the integral is 

-Ay-Ba:=|/ Jsiu (u;^^^ + C,) 



i • 



=4/^. 



4/ 'r'sin {?ix + C J 
A 



• I 






Differentiate and, 
ax 



But 



clx 
B=AAn(coi 



or 



Cot C,=: — 

Hence 

n c( 
- A/i (1 + ti 

or, restoring the v; 
get the general \ 
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Here also we will find a point of con- 
trary flexure, and of zero moment of 
flexure, where the resultant of P and 
T may, when prolonged, intersect the 
beam. 

The maximum moment of flexure oc- 
curs where x=zl and y=yj, which is 

P TA 

-Ty ~Pfc - - tangwZ — =^,= 

w ° cosm 

^•max • • (23). 

when h=o 
-Ty,"-P;=-— tang;iZ=M.xnax • (24). 
When h is restored, and P=o 

-^^■=-^=^ • • <2«)- 

III. Xi€t the beam be conditioned as 
represented in Fig. 5, viz,: fixed at one 



Figure 5. 

enc?, free at the other, with a load P aiid 
apxdl T at the free end, and a uniform 
load over its length. 
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If* I w -> (llMtributed load 

»''hi(l.\i ttf tiisfitll. 

1 Uf.h MiH iM|iuition of 






J|4:/,/:i: 

'I' p _ «? 

/ 1 el 2el 

To tif.U'.nn'iuu tlin (umHtants of int^pra- 
i'lou inu\u'. X (uhI // /uro for the point A. 
Thin pfiv^ni 

(J (J, 2D 2D^ 
2(^7^'^ 2 "" na "^ Oy 

Introducing ill Ih, < I iiTtinm tinting, and mak- 

in^j — =o for;r,--."/ wo g(;t 
^ dx 

2D -*^^ 
Ti + 2D/ + -^^^ 



nl —nl 



)^ 
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which introduced, gives us the following 
general equation of moments, and of the 
curve of the axis of the beam, T P and w 
being restored, 



V+wl-^ -e 

71 

n 



2 



nx —nx 

e — e 

ul —nl 

e +e 



+ 






.... (27). 

In this equation the sign of P may be 
-f or — ; that is, P may act down or up. 
Under certain circumstances the beam 
will be S shaped, with a point of contra 
flexure, or of zero moment. 

To ascertain this point place the 
second member =o and solve for :r. 

The maximum moment is evidentlv ob- 
tained by making a = /. The equation 
then will reduce to 



Ty-P/--=- 



)i 






^ nl —nl . 



+ 



nl —nl 

e +6 



=M 



max 



(28). 
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Then make the tangent tc the ciu've zei 
for «=/, and eliminate C^ as was don 
in case II., we then get 

^ _ wx^ P + 10^ sin nx 
— Ty-Pa; —=: -- 

1 71 COS )U 

to 

—5(1 --cos.??j; — sin.7iajtang;i^j = M (30). 

The load P may be 4- or — . 
Making x=:l for the maximum mo- 
ment, we get, by reduction, 

tang ;f/=:Mmax • • (31). 

If tc=o, this expression reduces to 
(24), as it obviously should. If P = c) we 
have simply the uniforui load i(\ and the 
end thrust T. 

V. Zf€t the beam ht supported at both 
ends, carry a unlforndi/ dJsfributeJ load, 
ajid have a pull applied at both ends. 

The conditions are obviously equiva- 
lent in the two parts of Fig. 7, the latter 
being already solved in equations (27) 
vnd (28). 





^ 




s 




= T,-^-+, . (» 


^ 


===1- 


?~ 


' " 


'-^ 


r-s—r. 


^™ V ='^. 


Comfwring mth (87) i 


find tlio l<it Eu^b^r chugcd to (39) ^^M 
cbanginf; p. - r antl ; there, to -q^^| 


«.d'jL„e. 




B ing oimagfK in 2d member of (27) ^H 
^MysMhe 2d isen.ber of (32). ^ 


H|| 


t?rH ^ 


H 


r J 
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For the maximiim moment x = ^ and 



^' 8 - n' 




■^•max. • • • (33). 



VI. JReverse T ; otherwise take the 
case as in V. 

Hence reverse w^ and take P=-^ in 
equations (30) and (31) and change I to 
^ and we obtain 

— jfl—coswic— sinwa;tang7i^)=M (34). 

I being the whole length AB, and for the 
maximum moment x=^, . *. 

wP to I I 

•• -T^y, — g =-— atang^^jtang^i- 
^max • • • (35). 

VU. JLet the beam be supported at its 
itndSy with a load Q placed at equal di^ 



ttmM»/r'>m the e»44, ami kmm-m A 


^ 


1 ^i^^ ^ 


1 


e E ^ 




, 1.1, Tl„,u (<,r Uie p.rl AC, the no- 
L nunla irlll l,„ 


1 "X''=''>-''-=''>-<i'- 


(3«). ., 


(Wmijwrlrnf witji wj. (13) we get 




,_ a 2C,A 


(IS). 


2f!,A-2 


(37). 


^ Ay.ni,,,„ii,r'_,r'") 




^Bg|t. M.,1 l„i ^'=to„„ i ,„ , 


k 
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C, Atangi+B 



2 A/A(e~*4-e-'") 



• • 



(39). 

2d. For the part CB, .the moments 
will be 

elg=Ty4-Q(«-a)~Pa;-Ty-Qa 

"where 

A=~=7i" and F=-^ . . (40). 
el €1 

Q' nx Q — »kr 

Af/ + F=-^e -2C^6 ..(13). 
Now differentiate this and make -j- — o 
for a!=Q ^^^ 

c. a ^^ 

e 



2C'A 



Put this back in the same equation 

and make -^=tanff i for x=a, and 
ax 

Q'/ na n(l-a)\ 

A tang /=y 1^6' -e jvX" 



Now making the 
two equations, equa 
point C, wliere x=a 
thatB«=F, (39)=(4 
ion by aid of wliich 
value of tang /, put 
gives the requii-ed 
moments on the pj 
spectively. 

Placing the paren 
equal L, and of (41) 

A tang^= — 
. Tne TTin.TiTmiTYi -nin 
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P and Q, is least at C and E, for the 
part OE. As to AC, the moment is great- 
est at C. 

Hence (39) or (41) will give the max. 
moment which is at a; = a 

Q 



Ty,-Q« = 



2n 



e -e +6 -6 ^^3j 



2 . 

e +e 



•*! . """2 



— M 



If we make a=o the moment (43) re- 
duces to zero, as it evidently should, as 
it leaves the beamr without load. Again, 

if a=Tr, the expression reduces to the 

same form as (19), P and I there, being 

equivalent to Q and - here, a fact that 

Verifies all complex and extended reduc- 
tions of this case. 

Vm. Xi€t this beam be conditioned 
the same as in VII., except reverse T, 
«« ihoi07i in Fig, 9, 



I 



where 

T 









I 
Fig 



Hence 1st by (15), 
for one constant, a 
— AC= EG for tin 
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Applying (15), first making -^ — o for 

e=- for one constant; then making the 

}ame equation =tang / for x-=^a^ for the 
>ther, we get 

sin/7i«+|-7i-) _ 
— Ay— F= — - ■ -A/Atancft 

. . . (46). 

Then equating the ordinates y^ from (45) 
and (46) for .r=(^ observing that B(i=F, 
we get the expression containing tang. /. 
Substituting it in (46) we get the general 
expression of moments for the part CE, 
also the equation of the curve of the axis 
of that part, 

n 
tang/ia.sinf ;/.r + 7— ?*/) 

i^M^ . . . (47). 
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tang t, for x=a for the other, and re- 
ducing we get 

!_=£_ t (50). 

na ^na 
€ +6 




Figure 10. 

From the figure ^1=0,(1— a) 

T=Q{l-fj . . . (51). 

K in (60) we make (f= :^ we have tang 

i=o, and introducing P, (50) reduces to 
the same as (19) and (43) for like vahies 
of a, and P. 

2d. For the part BC with some reduc- 
tion, 

Applying (13) again, observing that 
hTx=il y=o, and y-=tang /, for x=a, 

(lie 

Mid reducing we get 



.n)». >^*. nivi ll*» iir 1 

» or for «H^iia::Loaj> :l iii«f vT 

{ . of tiiie piiTtis. :£ :iie bitiim. 

J diiiLons^ of uiie b«uii jjn: 

I If we nLike nhe par^u.: 
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In seeking the maximum ^moment we 

suspect that when Q is near A, or B at a 

particular point, the combined moment of 

T and P may possibly have a maximum 

fcetween Q and the remote end, because 

'tihat due to T varies as the ordinate ^ 

oJid P with X, But the mathematical 

"test applied to (52) develops no such 

TTi a x . Hence the max. is always at the 

load Q, and can readily be found at 

X. Let the conditlojis be the same as 
*hIX. except reverse T, or put the beam 
^nder compression^ as in Fig. 11. 




figure II. 



1st. For part AC 



where 
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-Ty-(P-Q)a!-Q«=- 

n smn(l—x) 

1 + tangna cotn{l—a) cosn{l—a) ' ^' 

which are equations of the axial curves 
^^d of moments. 

These reduce to the same as (49) for 

^=^a=-, also to (24) for proper value of 

^' Thus (56) becomes 

Q / 

2^^tang;^2=^max • • (58). 

''*^e same as (48), observing that Q in 
("^S) equals 2Q in the above. 

In looking for the max. moment, we 
observe that when Q is near A, the mo- 
ment will without question increase from 
♦^ to C, because the moment arms of both 
T and P increase together. Also the 
Dioment of the reaction of the support 
I B will increase from B to C. But the 
foment of T is greatest where the curve 
of the axis of the beam is lowest, and 
ftis is between Q and B. Now when T 
18 great and P small, particularly wUeii T 



i« Biiffluieut to hold the beam in t 
curveil form, the maximum is plwnlj 
Boen to be somewhat removed from ( 
towards the middle of beam, but in M 
case hoyond the middle. 
The 2d menibpr of equation (67) isti 
■ expreBsion for the moment of flexure o 
BC. Hence the moment varies alongB( 
aB the ordinatea of n 'sinusoid the d 
value being where ein. n{l — fc)=lT 

where Ji('— ^')=o- Hence 



= 1- 



2nl 



\b the fractional part of tihe 
length at whi<?h the moment may be^ 
maximum, and where it ^vill exist, in a 
BC has a less Talue. At x=-l, or at 
the ainnaoid etivrts, and overBpans i 
beam length AB, as appears from I 
the value of (57) 
fiaiderable, and positive, 
pointe of th 
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giving 
Hence 



n{l—x)=zo or= TT 



7 7 ^ 

a;=f, OT=l — 

n 



(59). 



and the sinusoid is BED, for the beam 
AB, Fig. 12. The max. is at H when 



7C 



AH=/-2^ . . . (60). 

equations (59) and (60) show that BD is 
twice BH. Suppose n=.01 and ^=200. 
Then AH=43. and AD=— 114. 



E^ 




The figure shows how the max. mo- 
ment may occur at H when Q is at C, 
the curve AE being the sinusoid of eq. 
(56). 

Similarly it may be shown that another 
point H' exists where BH'~AH. 

Now when Q is placed betvjeen "B. 



~.i3- ^i.-'^metLu Ls At Q. but It 






•s!'- 



F-^PS il« 
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F 



and for-^=o for aj=o we get 
cot C,= 



7lF 

Bence 

^ T. B . 
— A?/— BiB— F= — sin 7ia; 

— F cos 7?a! . (61). 

Qjid 

A tang i— B=— B cos 7?iB + /?F sin wa^ 

^d, For the part EC 

Hence by (15) 

-Ay-B'ar-F' = ^' sin (no^ + C/) 

where 

A=-j=«,B=--j,F--^. 

also 

B7+F'=o,B-B' = |, a(B-B')=(F'-F) 

For a=/, y=<> and 
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if « = ;, P = Q; and if <( = o. P = o 
which are obviously correct. 

The equation of the curve of the axi 
of the beam for AC, aJso the moment c 
flexure, will be 

■'■'j-Q(g(i-«)-(r,-j.)) = 

-Q((}i-o)coBra-!d,in„^) (M; 
Similarly we have for BO 

-■|j-Q?(i-«) = 

-^(l-(l-,)co.„. + . 

■An inspection of the figure shows that 
■""" will alwavs be a. point of contra 
in the beam, or where the mo- 
» ot fleiare will be zero. 
"ying- (6^^ for thiR point, placing tie 
^, we obtain 
(i^^^taaS 7ix=n(a-qii 



iifl-a)(^in naj 



(«5). 



. r^^= ' 



(i-D 




But according to eq. (59 
a; in (65) 1ms no value with: 
the beam for a varying fro 

Hence we conclude that 
contrary flexure is always 



; 

^ we ignore a. But coneidering a, it ap- 
pears thftt the max. moment of flexure is 
flwAjs at Q, except when a ib —, or leea 
^Qx in (GO): conditiims identical with 
* ' ";e S, as regards the one point H, Fig. 



T 



Eitbermember of (04) maken the mo- 
tteat at A whei'e a.' and f/=o 
; =-Q(y/-«) . . . (66). 

But where x=n, the other limit of a- 
Ibr tills expression, the moment is 

—^(n(ql-a) cos iia-{f-l) sin na(G7). 
r "^ 

H>d it is difficult to tell which is the 
{reater, except in particular cases. 

An inspection of figure 13 shows that 
I the compression T can be great enough 
b> hold the beam In a cui-re while Q is 
B6ro, the force P will bo reversed. Now, 
^ Q be given some real positive value in- 
treasiug from zero up, it will eventually 
naksF =o. But by (63), whenP= o. 
j=o. Hence to find the relation be- 
tween T and Q for this, make g=o in 
ffii) and (65.) 



7o 







1st. p^j. , 






tlie b' : ^''^^ -^f the on "" ^^ Se 

flextire ^^ ^^ also th *^« o^ 



•-(' 



1^ / "Wc 

^ e . 



')• 



-(. 



e 



/^^ ' . . {68). 



Bat F is hero an unknon 
tkd ia to be foand as it was in XI. 
. TorBC 

fliich may be integrated by (13), tor 
==f, y^o ; giving value to one constant. 
place tang /, for the point equal 
leBamefrom (fJS), mtiking known the 
!Diid coDBtiint. Then equate the urdi- 
tes y for the point C, by which to de- 
krmine P. The work ie too tedious to 
btail here, but the result itt 
P_ 
Q~ 
~e -e +e +««{ti +e ' 

t -e +iil(e +e ) 

. . . (69). 
When a=l P=Q, and when «=o, 
'=0 ! which are corret^t tor these 
jints and vei-ifj the result. 
The maximum inunien t of strain for the 
bole beam, imd under all conditions is 
nl»b]^ at A, as It is at tVuK ^vo-S \qx 



;: -"""""■•» thai of 3^ 

"kittled l„a, • ■> »» 




ing that for x-=o, y=o, und that ^= o, 
for x—o and alao for x =5 ; and we get, 

after rednction, the general equation of 
moments and of the axis of beam 






In case the load is only Q, make w = 0, 
or if we have only the uniform load, 
make Q =0 and the resulting expres- 
Bions will give the moment of flexure at 
any point in the length of the beam. 

At the point A, the moment ie a max. 
.Bad found by making x=o, and j/=o. 
[Bimoe, as F,r=moment at A, we have, 
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The four last equations give the mo- 
ments most likely to be needed, and the 
value of P,r put in (70) gives us the equa- 
tion of the curve of AQ and BQ is like 
it. 

XIV. Take the case as in XTII., ex- 
cept change T to compression, 

= -Ty-(P-P> + ^+P.r 




Integrating by aid of (15), and ob- 
serving that for ^=0, y=o\ and that^ 

=0 for 35=0 and for 0?=^ ; we obtain 
-Ty-'i:^Q.+ ^.' + P.r= 



^+JJ= 



aw »i "^ ^ 
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tol to 
1+— ,=M . . . (79). 

2n sin Uj: 

Thus the most needed moments are 
obtained, and the equation of the elastic 
axis of the beam is fully given, P/, in 
(76), being made known by (76). 
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Strength of Wronght-Iron Bridge Members. 



II. — Practical Formulas for Beams, 
Struts, Columns and Semi- Columns. — 
Extended Comparison of Various For- 
mulas WITH Experiment. 



GENERAL APPLICABILITY. 

All expressions for the moment M, 
from equation (17) to (79) inclusive are 
applicable in equations (6) and (8), the 
former giving the strain ^^ due to the 
bending moment alone, and the latter the 
total or max. strain t, in the section con- 
sidered. Any section throughout the 
length of the beam may be examined for 
strain, but usually the section under max- 
imum strain is the one to be attended to. 

It is to be observed that the strain due 
to M, is not in any case of the existence 
of T to be taken as the only strain. That 
due to T directly, according to (7), is to 



3 






■^ llU I 



dacas to jT for T=o 
be developed into a. 

Q 



But let tlie tangent 
leries, thus : 






2»l 



^©•- 



This is the i 



I espreesion for the 
iiim moment of flexure aa we find 
^veu in workR on the strength of beams 
for the case of it beam fixed at the ends 
and a load Q at the middle ; conditiona 
identical with (81) where T=o. 
Similarlj, (78), by eapanding the 

cot«^ gives 

w ujf wn'f 



10. But as we propose that 
te the predominating force np- 
to the piece, then T y, cannot be 
■less t/^^o, and the latter cannot b« 
1 since T may produce considera- 
lectioc to one side or the other, 
jtically there would be no defleo- 
at we know that practically there 
t>B a very appreciable deflection for 
of ten to twenty or more diame- 
lengtb before nipture ; hence, we 
reat the cant- as providing for a 
ion,y,. 

X it appears that the deDominaiur 
e infinite, which reqnireK that 

SB »«'=Tt-iI 



■a fixed at one end and free 
V, as in Rg. 17- 
e molt is obtaiii«d bom (31), 
1 (S3) ie giTen ia 



t T 1 



■enol J 



-ri -•-It 



^ 1&JI>^ 
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rounded, flat, or otherwise; that is, 
whether the end of the column is fixed 
or hinged, &c. The manner of holding 
the end, however, is not a matter of in- 
difference, equation (49) showing that 
(84) is for rounded or hinged ends as 
shown in Fig. 18. 






/ 



■.ZY/r'> 




figure 18. 

Equation (77) or (78), for Q or w=- 
o and T not, requires that 

/ I 7t 

tangn-^=ooor /i- = ^ 
or that 

cot w^ = X or n- = n 

either of which gives 

^_4^ 

fl- /^ • • • 



(85), 




^'9"^ IK 
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also (87) with statement of end oiiniU- 
tiona. 

To obtain the expression for a colunm 
having one end fixed and the other end 
rpanded, we nutnrally turn to case XI, 
above. But the deduction of a sutisfoc. 
tory expresBioii from this is difficult. 
HoweTer, reasoning from analogy, com- 
pare Figs. 18 and 19 witli tJieir expres- 
sions. Thn», 



For Fig. 18, nl^ 
For Fig. 19, nl=2 



m- 



Observing that the curves are sina- 
soids— see eqs. (22) for A— o and (47.) — 
■we find AE, Fig. 18. like .■ D. Fig. 19, 
both being complete fliittetied sinusoids. 
Bat the niiddle of the beam at G, Fig. 
19, is parallel to the same at A or B i from 
which we coneltide that 

AD-HEC-t-CD=2 sinuHoids. 

Hcoice tite number of sinusoids in the 
aarvee Figs. 18 and 19 agree with the 
T in the respective expres- 
(86). 






'««»», 
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for the case of columns having one end 
flat or fixed, and the other rounded or 
pointed. 

The conditions are shown in Fig. 20, 



MA 



B, 



_":S^ 



IZL 



Rgure 20. 



where A is fixed, and B rounded or 
hinged. 

These formulas. (83) and (84), have 
been proposed for use by some writers, 
without modification, though apparently 
with much hesitation and doubt ; others 
have declared them wholly unfit. It ap- 
pears that Hodgkinson compared (84) 
in the form 




when ■«■= wt. sostMied, d =^ 

f l«BgUi ; *na with C, M Mid a, < 

' h> be detenun^t bj esperimenL^ 

[ differences nude mMiifeet by H« 

eon's experiments between (84> and 
i ks to tb« Yttlnes of tn xaA n. MK fl 
I oept by farUier inqnuy, sls k> dflatroyS 
I ooofidence in i&l) as » formal^ to ' 
k directly in i-alcnlating the strengtb ' 
L flohunnB Th^ eanie is tme of (85) » 
^ {87.) TTiis is unfortnuate 
^<^"™'^>rt-"ilfai-t.Tiz; (S4) confc 
I ■* mertiH of the cross 

I merely (he ihameter, ( 

-lulfl-J 1,1 any form of b 
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tion, Bnch as round, square, oblong, I and 
H sections &c., while (88) must be pre- , 
pared for each characteristic section. Al- 
so, (84) contains one important factor, e, 
which qualifies thai formula for at least 
this one property of the material going in- 
to the column. But evidently there is, at 
least, one other property which is equally 
important, viz : the crushing resiBtance ; 
or, if preferred, the elastic limit, neither 
of which appears in (84). Hence, though 
(84) has some valuable features, it must 
be pronounced sadly deficient as a gen- 
eral formula, except pussiblj' for very 
long columns, such as would tail by sim- 
ply Bpringing out, without breaking. But 
eridentlj.colunjns relatively short, though 
longer than '' blocks," and such as would . 
fiul partly by crushing and partly by 
fringing, should have a formula con- 
taining both the coefficient of elasticity 
e, and some moduhis of resistance, such 
aa t, for coinprcBsion or tension, usually 
,tiie former. Again still shorter columna 
" blocks " would only require tha I 
lolufi of crushing rpsistanee. 



■'^T? 



88 







■""''• «"Ppose ij^r^ ,t>«tween 

"™n near its 
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middle, which is sprung out of its orig- 
inal axial position NGH, to AC, the orig- 
inal axial fiber HN being now shortened 
and deflected to AC. The section ilg 
was before flexure on the line ae^ the in- 
tersection at D being a point on the real 
neutral axis of the column. The dis- 
tance along T>Q to the intersection with 
AH, is the radius of ciurvature p. Draw 
BG parallel to DC, intersecting AH. The 
distance from this latter point to B is 
equal to /o, because of the parallelism 
of BG and DC. 

Then, according to (5), taking the line 
GH as the axial line of the column pre- 
vious to flexure, and the line along which 
the compressive force T still acts, we will 
have the apphed bending moment equal 

^■=Ty, . . . (89). 

where I is the principal moment of iner- 
tia, or moment of intertia, for an axis 
perpendicular to the plane of the ciu^e 
ACB, at the center of gravity B of the 
seotion considered; yj=BN, the moment 
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tmgnish it as the maximum ordinate to 
the axial curve of the column ; that or- 
dinate being chosen because the moment 
of T is here greatest, and hence may de- 
note the ordinate at the rupturing point 
of the column. . 

In (89) the 2d member is the applied 
moment^ and is that which simply bends 
the column. The Ist member is the 
moment of resistance to this bending, 
and represented in the figrnre by the trian- 
gle 'Bab of compression, and Bef of ten- 
sion. 

To obtain another equation take the 
origin of moAients at D on the real 
neutral axis. Then the total moment of 
resistance is 

^=T(y, + BD) . . . (90). 

where I is now the moment of inertia of 
the section at B for an axis at D ; 
(y^-l-BD) the moment arm of T; and 
p the same as in (89), as already stated. 
By a well-known formula, we have 

I=T, + K.BD* 
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the ordinate y, let T be applied at E, 
y. 22, to a prism of unit's length. First, 
the distance, BE, = the principal ra- 
M of gyration^^^k. The point B is 
i center of gravity of the section at ED, 




Figur« 22. 



top of the prism. Now, as T is applied 
B, let an equal and opposite force be 
»lied at B, as shown. We thus have a 
iple acting to turn the top surface of 
prism around B from the line EBD to 




FBH If noiTwereiDUTethecOTUiternelJ 
force »l B. while T is kept conetanti'l 
point. K will full by the compi 
•fetkni of T to wme point C. Call BCa 
ikis will W found =EF, wh«n BE^ 
Ftor we iMve, by taking moments at B 



T*= 



1 also I,=KJfc', and T=fKA 



mbining. 






-.•ntoT/c^p\ 



wh«ncfi 

(j:1::*:A, or:BC 
Henrn A =BC=EF as proposed. 

ApplyiiiR T at any other point, we I 
i» difiertut result, for snppose it t 
The compressive effect. BC, will be 
same for the same valne of T w loq 
it IB the only coTOpreBBive force. ' 
the fall due to bendintf will be gxeS 
even greater than JL, because the 
ment arm ia {greater. 

Hence wlien n. compressive force, 
applied ut the aistance. fc, from the o 
'lie crosK istrtiou of a prism, 
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displacement, EF, due to bending is 
exactly equal to the displacement, FG, or 
SO, due to direct compression. 

Next suppose the neutral axis to be 
taken at a distance qk from B while T is 
applied at E. Then eq. (90) gives 

^ ' 9 9 9 

or since TA;=—' . . . (92aV 

9 

P 

Tkz=—qk^<= or >~k.qk 
9 9^ 

'Where pA =A: when T is applied at E, and 
T=fKA 

Bence 

TA;= applied moment 

<=or> moment of resistance. 

To make the first and second members 
equal, we must put $'=1 ; and hence we 
must also have the neiitral axis at a dis- 
tance, h, from the center, B, of the sec- 
tion, for the condition that the column is 
indifferent as to whether it deflects more 
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^^^ ^^^w 


„fc^=!'^. . . . (93). 1 


Bat combining 1 


Witli eqimtioBS (84), (85), and (87), ob- 1 
serving that I is the Bame ae I, in (94), ■ 
Ve get for cahunns 1 


with round endH..,-= f/^^ 


1 


with flat ends ■z=i}/,Y 

with round and flat-i =p, J- 


. .- (96). 1 


with fixed and free.- =2^, -^ 


1 




for round ende— „=y,' + rf,3/, 


OP, solving for if. 


y'-W^*',4v ')■»■ 


But by eq. (8), the total compression 
m the critical fiber ah. Fig. 21, is 


(=Tj/,^'' + | . , . I96a). 



V/« observe tUat in using the equations 
184), (85) and (87), onr object is to ob- 
■in ti relation between p and y,, as given 
J the curves of sines of the elastic a 
ithe respective colninns, and not to em- 
loy them aB the foundations for the 
Bneml furmidas, bccauBe the latter ob- 
Ct is found in (93), (94) and {96a), 
Inch give the hmiting ordinate, y, the 
loinent of flesnre, and the hmiting atrain 
jBpectively. 

In these formulae ( is the greatest ad- 
Biaeible compression per square inch, or 
Ihtt modulus of crashing, for breaking 
^Ads, K, the sectional area of the col- 
httn at the middle, il^ the distance from 
be center of gravity of Ihi* Rection to 
lie fiber which nipturee first, I, the mo- 
iient of inertia for an axis at the center 
t gravity of the section, and at right an- 
jtoa to the plane of the axial curve of 
he deflected column ; /, the length of 
be column, and f, the coefficient of elas- 
ity of the material. Also we have 
K 1 
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«n<lB rounded -,^3(5.2 

a 

ende flat -J=72.4 



ends round and flai. . 



54.6 



For squftre, hollow and open-built col- 
-nmns, tbe ratioB are still greater. 

Hence, tbese last nnmed forraulas, pre- 

nously rejected, now return to us again 

application to very long eolumnH. 

Xtt tbie purpose, fortunately, the objee- 

m to these formulas, previously stated, 
tbe absence of tbe modulus of crush- 

J,*, has no weight, because failure oc- 

rs by springing and not by crushing. 

Criterion for Long Column Formula. 

•Evidently this limit is to be found by 

being the values of the load T as given 

' the two formulas equal to each other, 

kd then Bolving for the 

limitiug ratio- 
yg ronnded ends we have therefore 



To .mia •"^'^'■'i 




an expression in which the first mraubeF, 

placed equal — , mil give mif one of the 

expreBsioss (84), (85), or (87), by intro- 
dneing proper values of a and fi. Also 
the second member of which will giva 
(97), (98) or (99), with like attention to 
a and li. 
Clearing of fractious we obtain 



Squaring, and solving for—, we i>btain 



A formula which serves as the criterion 

T 
of applicability for == first part; or= 

eeoond pjirt of (105), as a formola for 
extremely great or for ordinary lengths, 
respectively. 

When the axis for the moment of in- 
ertia is an axis of symmetry for the cross 
aeotion, we have 2d^=d= whole diame- 




Uit ft fH.liimn. Thin w tbe U ■_ ~ 
(iilanuMt It) tlm (liroctwm o/ tbe I**** 
Mi-i-iir... of ll.ixiiro of the ««»^«-«* 

I Ih ItiM ti<l.ri<ifir< tlitfiknesH, 
I crltiM.i, l>.. M.,li,|, \i„Uuvr or open 
Wlii<ri thi> itroNH aeotion ia fi 
riiH^rlr'nl, wn linvu 

An nir i<Rnm|il(i, in oyliuArical eohtm 
'I, \h tim m'Uum or the auiiimn. and *1 

I (M"t fnr Hut. wkI.,. 

= 1 
, Tuilnu «=a8.(10(J.OOO „n,i teldOl 

I "■*■"'""'"'■■ »"Biv«,»b„ve._ 

— . -» lUII SIN 11 (lUHDITIOSB. 

I now determine « gene«J a 
fc^^l •I'^'fy*"? factor -^ s 
"™*^ shall duJy qualify t' 
IJomnlae (105) for | 



HI 

^•asi'uf &xetleu(]s,fiatt>ndB, or of rounded 
ends (pointed) ; or for pin ends with 
large pins nnder friction, or for flat 
«nds wliicli nre narrower than the middle 
Section, or for one of tbese forms at oiia 
ond, and another at the other, &c. 

From (97), (08), imd (99), we already 
liave 
For pointed ends .. ..a= ■i,ni = o . 

For fixed ends a= ],m=;2 [(108) 

Forpointfd and fixed. a='j*,m=l ) 
where vi stands for the moment effect of 
the end conditionB preventing lateral 
displacement of column at the middle. 
In Fig. 23. the pointed ends ti and b 
offer no hindrance to the side deflection 
of the middle, m, of the column, hence 
in (108j VI is zero. But at c and <f, there 
is the stiffeuers of the fixed ends, to pre- 
vent the middle from deflecting; and 
hence for this iMtse m (108), m=2, sim- 
ilarly for the third part of Fi^. 23, and 
0((108)m = l. 

Mseed £«(/«.— Now if we consider the 
BtiffiiesB at a fixed end ns equivalent to a 



•^9 nrt 




=Tf 



(109), 



where k' is different from k when tha 
fixed end of column differs in size and 
foriu from the middle Bection. Desig- 
nating the latter, or radius of gyration 
of the middle section bj &„, and of the 
end Borfoces or sections by k,, and k^ , wo 
will have the total cnunteroctiDg moment 

{^=fk:, — =—„~ 

Ml expression which admits of any aizs 
of end sections less than the middle eeo- 
tion. Even the ends o and rf may differ. 
Now we find by trial that « may be ob- 
tained from the expression 

"-¥W)- • • ■ ""'■ 

for ends actniilly fixed. 

To Oluatrate, if kc and ki are zero, « 
=1 BS for pointed ends, thus producing 
(97) from (105) as regards qualifying 
with respect to a. Again put/-, =4^= 



=A, and -=1, «B for (98). Fii-Uj lot I 
*, = A„iuid ki = o, we haT6« = V«"J 
required in (99)- 

Bat suppose the ends are only ha" ■ 
large aa the middle and similar. ThCT^ 
= kd = i^ and a becomea V. ^ 
as for one end pointed and the j 
large as the middle, and fixed. 

To diBtingnish between act 
ends, and flat endtt, it appears that in 
former tbe M>!timn cannot fail at the e 
without a similar failure at the niidf 
According to the conelueion BD= 
Fig. 22, there miist be some tension fj 
the section both at the middle and e 
of column. That is ; the neutral axis ]| 
atDwben rupture takes place, andonte 
of D there will be tension. Honce wh<| 
the end sections are cut as 
that tension cannot act, and the coloi 
■ is weaker than f..r actual iised ends. 
appears therefore that the neutral f 
should not approach the axis ot the I 
ends nearer than the outermost sarf^ 
- g* the column. As the neutral aHS ii 
«BD=the radius of gyrafioiiil 
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we may obtain in flat ends, tbe equivalent 
to fixed ends, b; making tbe radius of 
gyration of tbe flat end surface of ths 
colnmn equal to d^. This neoeasiUtoB 
enlarged, or dieo-like ends. 

Equation ^110) is supposed to meet 
the real case of fixed ends. To adapt iti 
to tbe case of flat ends, it is only neces- 
sary to replace Ai„ by rf, : because tbe. 
Bame value of a would tben be given by 
(110) tbus modified for h an<l ka = rf,, 
06 would now be givt'n by (110), aa 
above, for kc ind k^ = km- That would 
make tbe radiuB of gyration of the fiat 
end bearing = d^ and tbe neutral asis 
could not approach tbe axis at tbe end 
of the cohimn nearer than d_. Then 
Uiere would bo no tendency to tension 
in tbe fiat ends, as well as no power to 
resist it. 

Again in built columua it is often the 
case that tliinkening pieues arc laid on 
at tbe en<lH, thus making the area of 
tts flat ends greater than tbe section^ 
srea at tbe middle. From analogy with 
the HEiml relation of k and K in seatioQS. 



tiong of (110) now cone 
that the equation (110) 



The meaning of th 
indicated in Pig. 23. 

When the end surfaci 
every way eqiial the mi 
the colimm, the capitalf 
and disappear, also whe: 
actually fixed rf, shottld 
and thence (110a) return 
When the flat ends i 
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Ihan that for fixed ends, which is evi- 
identl; as it ebould be. 

In no case should (110a) ever be need 
"when the denominator gives a value 
.. greater than the denominntor of (110). 

I /Vn Searings. — The pin bearing for 
the end mounting of a column is usually 
considered as acting in effect hke a knife- 
edge terminal to the column. But it is 
evident ai once that the friction of the 
pin mnst cause the column to act as 
though the end had some breadth which 
is appreciable, and hsDce not to be ig- 
nored. To provide for this, let r be the 
.radiae of the pin, and ^the coefficient of 
frictdoQ. 

I Then, as the column bows to one side 
or the other, the point of bearing of the 
hole upon the pin will be thrown to one 
side a distance ox Fig. 24, which dis- 

is greater or less according to the 
Ine of f. Now as is well known, tha 

of (wis 

By Fig. 23, this may be designated as 



J 
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I 
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J 



corresponds with T 
fixed end. Hence, 
we may write 

iKfn 

a quantity which is 
(109) and may be in( 
thus 



a = 



■■ I. ■ 

. I • ^ 






Tn hridoffiS- fliA m*i 
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If the column be a solid cylinder, 8 
inches in diameter at the middle kfn=^'^i 
and observing that he and ka are both 
zero here, we have 

a=3.16 




Figure 24. 



As ordinarily treated, this would be 
taken as 4 instead of 3.16. 

Helative J^ositio7is of Pin Bearings. — 
Now with respect to knife-edged v«. point- 
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amn, or to determine the direction of 
the deflection. 

To investigate this let us first take the 
first part of et]. ( 105 ). Replacing (i by 
itfl valne we have for the supporting: 
power per square inch 



Let I be constant for a particular cans. 

Then the strength ie constant if - 

wmBtant. If this ratio is vai-ioble the 
strength of the cohimn is variable, for de- 
flection in difierent directions as 
trolled by guides near the middle. For 
each position of the guidtis there may be 
noted a deflection, a radius of gyration, 
and a knife edge component. 

According to considerations previously 
noted, tje column is counteracted in ita 
tendency to deflect by a moment TA at> 
the middle, and Tj-, say, at th& endj 
vhere Z is the arm of the moment. 
Not for the middle uross section of thft 
oolnmn ; let the radius of gyration be- 



fomidiorft 

whlmi the 

Ml in Tig, 15 



cUrecti 
Lsjiliesc 
OB OO OH 




' values for the 4 respective di 

Then trace the curve EG H] 

iius vector to this curve will 




the value of A lying in (he direction of 
that radius vector. 

The point O represents the axis of 
the column. Let AB represent the knife 
edge bearing at one end of the column, 
itfi efTectivo length being laid off to tho 
same scale as k. The effective length 
ihonld be lees than the actiinJ length, for 
thoBame reason thati is less than <j,; that 
is, the pin bearing will crush (or some 
distance, corresponding to (/, — A. 

Now for a constrained deflection toward 
OA, lay off a;— OA as the moment arm. 
This added to k gives OK + OA-OL. 
Again for a constrained deflection to- 
ward OJ the knife-edge component of 
OA will be OC=OA projected upon OJ, 
is a point in a circle OCA giving all 
components. The curve EGHK should 
be treated in a similar way for finding 
the components. For instance project 
upon OJ by the tangent from the curva 
EGH giving I one point in the curve 
EIK. Any radius vector to this curve 
gives the k component for that direc- 
Kow add OG and 01 giving OJ. 




i"**— *!■■; the Un«»; d>e middle and f 
twoaads. ^b^ i^oiinimam radius vec- 
tor to tfast cone wiU be in the direction 
in wliirh the cotomn viU dedeot ■mbt 
oneutistivmed. 

Iq practice it will b« found tittt te^ 
n»OBt eY«y possible case, the i 
radixw vector wiU lie in the direction of 
OA or OE 6o that the <x>laiim wiU but 
rarely deflect diagonally. The miminttm 
k»d value of the colu^ wiU be foTmd 
07 computing for the direction of defleo- 
tiM, above indicated. If the deflection 
r^T "* ^^ •ii'^ection of the pins, a is to 
be found from ( ui ) by ignoring r and 
' ^** *rf as equal the respectiw 



>A, 

life . 



■<ieefi b« : 



right i 



She cnrre, Fig. 25, obtainad will be found 
k> have miQimam ordinates in tbe direo- 

jns of the pins or knife edges. 

Pig. 25 applies especially for tbe long 
Bolnmn formula. For shorter colnmnB 
|»roper to the formula { 101 ) we will 

tabably find less decided differences 
tween mas. and min. radii vectors to 
Fig. 26 until tor short blocks the differ- 
Hicefi are either indeterminate or indis- 
tingaishable. 

Open Column Slays. — Open built col- 
imiiB are occasionally deficient in trusa- 
ng or latticing. For instance, two 8" 
idutnnel bars may be joined by |-" plates 
10" square riveted on in such a way that 
'SbA plane sides of the bars are back to 
bock with an intervening space of 6 or 7 
inchee, the flanges beiiig turned out- 
ward. Then if the plates are placed 
B' 10" apart along the bars, tbe column 
fhtie constructed will probably be defl- 
Bieat in cross stays. In such case the 
Mdomn will fail to carry the load det 
ior it hj the usual iorui\i\ai 



hasgiven, the parts A] 

coluoms with fixed en 
to find the length of 
the same plates fnllj 
be equivalent in strei 
part AB with its deficii 
AB less the width ol 
length of equivalent! 
Then if the parts AB t 
ed as small colmnnB wi 
have by applying the 
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tlie least moment of inertia of eaob of the 
l)art8 AB DE &c. taken aeparatelj and 
added ! and I, the least moment of inertia 
of the entire section of the cohimn ob- 
tained in the usual way as encli. In this 
section, the staying in not counted. 
There tbe sqitare of the ratio obtained 
by dividing the equivalent fwll-atayed 
column length by ihe actual coluum 
length supposed insufBoiently stayed ia 
obtained by solving the above forT 
dividing by Z', giving 

This forms a co-efficient for /' in any 
of the column formulae. For instance, 

3, then in formulas (97), (98), 

&c., P therein, shonld be multi- 
plied by 3, when (112) is less than 1 it is 
not to be applied. This fact indicates 
th&t the oolumn is sufficiently stayed. 

Slay Spacing. — in tbe last statement 
we have the suggestion of 8 formula for 
determining the spacing in built columns. 



1 



(112). 



4(0'- 
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i=:r is twice the space in Fig. 26, and 
the first part of Fig. 27. But in the 
eond part of the latter, AB=f is to be 
nmted as the space where the cross and 
(igDual staging together servea to fix 
ands of the parts, AB. 




Pa&CTIO&L FOB^ICI^S FOR COLDMNS. 

OoUectiiig the formulas which are use- 
in practice, we have : 
t ordfnary columns 



(114). 







^^-l)f?* 



F:'r xluccn^ «: iccibI aid « 

_*_ 



For iO-'i ends charae «j to £_ 
Ct-effirleEt f:r P. in (114) 

f jf eijlticins ■iedoient in sta-ving 

Ini.' r t-iiiv spaoirB in open colam 
l>tW*' f'=AB in Figs. 26 and 2 
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Iq theae formulas, 

'=:load borne by the (jolumn. 

= compressive resistance per square 
ineb corresponding to T. 

;=crosB section of column, K,„ at middle; 
Kb and K^ at ends, either when flat 
or flsed, and when flat to be taken 
as the flat-end surface. Only tor 
Bnporting members. 

,=di8tance from the center of gravity 
of the section K^ to where the strain 
is t, and measured on the plane of 
the cnrve of flexure. 

' ^2£i| in symmetrical cr II ss sections, and 
equal the diameter of the column 
reckoned parallel to plane of flesore. 

;=radin8 of gymtion of the cross sec- 
tion, A'ni, least radius at the middle of 

I column ; k^ and ka radii for the end 

I aections for fixed ends; or of the end 
surface for flat ends, and to include 
supporting members only. 

!= length of the column. 

V= coefficient of elasticity of the material J 
composing the column. 



I, = least m 
cross s< 
taken u 
and exc 

ed by ^: 
ertia of 
8eparat( 

2^ > than ir 

2^ < than in 

« = 4 for co] 
or knife 

« = 1 for cc 
ends no 
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Hhe well-known forranlaB of Hodgkin- 
appear to be the first of substantial 
their constants beinfj wholly em- 
BaL They were applicable lo only a 
of croBB section, and entirely 
leqnate to the present engineering 
rtiM. 

■ewie Gordon determined the con- 
ite for TredgoUVe fornmla* from the 



mUofTredRuldio i 
Bf Call Inm anrf OU 
XIV,; andiB 



■ nttdUy wrltlen In the rorm 



nMlBtheHcUonoftbecolumn.^S.or K; apd 

Drodit for malhematloal wort to Br. 

ily tlie rormulik ususHy oalled Gor- 
^ tiot It aitpesn to be due to nther authan, even 
I datsTDiliuilloii of the empliioal iwDBtaiiti for at 
9 ewe, probablf cast Iron, as appeare rrom the 
Btjnstqiioled. Butlhrrennn benodonbtof 
bavins detamlned the oiingtanls fi.r thl« 
for ft varietir of materiab. thou^ there may 
doubta of his belnR Justly «Dtllled to the 
sooordedto blm for the toTmala as a 
BO for Ranklne'B moiMftea»ia& 
eyrallon in Intvodaottft. 




It came into quite 
known ub Gordon 
has displaced thele 
formula by the lea 
thus producing the 
mula in use to-day. 
The form of this 

where f and. a are 
tlie former being ni 
sistance to cnishiDf 
sention and its least 
apectively, at the a 
len gth. I. The yalnei 
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' ftaAa for any particniiw uiiiteriiil, 
5^t by actual column e:cperim(tutH— a 
tt which practically limitE the formula 
' & few materials, imd even then to a 
•uparatjvet; few experiments. Hence, 
general formula whose conetantE coq- 
>t of such factors as the coefficient 
IcilSBticity, modulus of crushing, &c., 
UmH, by reason of the plentitude of 
lege factors, very desirable. 
These facts have caused search for 
mil theoretical formula. One of the 
ist formulas of thin kind appears to have 
6en proposed by Keuieaux, and pnb- 
ihed in Der Construclenr, the same 
isg quoted by Ritter in hia translation 
f Sank^ of Briilges imd Roofa, in 
IT8. See Sankei/'s Hitter, p. 345, The 
«t edition was published in lK(i2. 
This expression for ruiuided ends is 
< the form 

cK 



1 + 



8£l 



oK 



( 120 ). That is t 
given material is 
times the section 
constant times tlie 
the leugth to the 
ci'DSB section 

Notwi thatandoDf 
form, (121) has! 
cability to ail mat* 
are known, for e 
might not be kn 
Bhonld give discre] 
empirical qualifyin 
found which woul 
the name for one n 

An espreesion of 
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1 by 7t^ in the de 
LSI ). To ftoconnt for tliis, Reu- 
: treated the axis of tbe deflected 
Inmn as a circle are, while Crehore 
lOTed it to be a BiuuBoid. Hence dre- 
w'b formula for roimded ends was 



CK 



1 + - 



(122). 



•€k' 



An eipreBBion identical with this for 
tliuuDB with round ends was given in 
[ article by E. Hatzel, ti-anslated for 
ua Nosteand"s Enh. Mao. for Sept., 
i except in Hatzel's formula the 
oment of inertiii was taken for an. axis 
. other points in the section than the 
Enter of gravity i whence the radins of 
fration k would be other than the prin- 
pal radius. 

AIbo Crehore showed that for flat ends 

) Sd term of the denominator of (122) 
lonld be divided by i, and for one flat 

1 one roimded end it should be divid- 

IbjV- 

^^flhore's formulas were rqiroduoed 



article Fn^MSO^Salctwm 
done tbesfe forranias, an 
the dtHCUHsion uf the Oi 
containing the least thicki 
the Bankine formuln conta 
radius of gyrntion k. Ado 
ter, its ccinetante are deter 
great number of experimoi 
for a variety of materiala. I 
wae made to generalize b 
and f. The reason given it 
conetant in failing materii 
point of rupture ie iinknow; 
I be admitted, especially inj 
Ijii compression the valasj 




rtion of the cross aeotion will be 
in incipient fracture. Existing 
of experiment show tbat e is 
bly constant for compression of 
wrought iron to near the failing 
here it drops enddenly from 10 
r cent. Hence if a tenth of the 
B effected by 15 per cent, reduc- 
tf the resulting effect upon the 
action would be one and one-half 
i,, a quantity which may be ig- 
i calculating the strength of col- 
fience we jmjpose to compare 
onal formulas with experiment 
;i-ying them up. 

lefore taking up numerical factB 
rve that the Renleaiix, Hatzel, or 
formula differ from the rational 
(97) torroimded ends, believed 
vea for the first time in this arti- 
lie form of the denominator. To 
at this difference is an important 
have from Fig. 21 




ti^e last expresmon 
fi^^of (95). 
whence 

in which t^ is the comj 
IS sufficient to cause 
and a force which is di 
Combining this with 
have 

which, solved for T 
with rounded ends, 
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it that f, is not the compressive re- 
Btance; Fig. 21 eltowing thnt it is only 
part of it. In this expreBsion t is the 
>tal compression represented by ad, 
id hence for ruptiire the total comprea- 
jQQ t=:G of Crehore's formula. Bat (,, 
Epresented by ab, cannot be 0, and 
ence some oversigbt appears to have 
een committed in making it C in form- 
la (122). Thie explains the difference 
I form between (97) and (122); and 
IveB sufficient cause for a disagreement 
[ one or the other with experimental 
mUte. 

In the developed denominator of (97) 
Be (102) and (103), we have in the 
Brms, 1 + w, (obaerving that o=4 for 
aonded ends) the identical denominator 
f ( 122 ). Hence to the remaining terms 
the denominator of ( 103 ) we may look 
r the compensating quantity for the er- 
r 0=*,. The same fault is common to 
e Bealeau.\, and to the Hatzel formulas 
iongh in the former a compensating ef- 
appears to be provided in the values 
l^mponnded of C and £ for use; and in 



tl)« latter in MBiiiiiiiiiN tbe moment i 
etiEk ixis at ur near the coOTeac si 



IHraet Comptzriaot^ — "Bat tbe co 

fonnnlA probUm is onw wluch tano' 
Mtwfartorily settled for practical 
from a pmelj theoretical etandpoii 
therefore offer the following compi 
of cohunn fonnol&a. Aa the nmnt 
may be considered as practicallT the 
in all, the d^tominatorfi only, are 
pared. 

Hence for the denominator we 
for the 

I* 
Gordon fommla, l + o^ 

For roiiod ends. Round and fixed. Fl 
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For round ends. Round and 6xcd. Fixed. 

36000 9 36000 36000 

By G. Bouscaren, C.E., and adopted by 
Keystone Bridge Company. 

For round ends. Round and fixed. Fixed. 
f^_ 2 . 3 _1^ 1 

"^36000 2 36000 36000 

fieuleaux formula, I + tt-,— round ends 

Crehore formula, 1 -f ^ ~ i",/.a 

**or round ends. Round and fixed. Fixeil. 

j_ 1 

'■" 2.28 i 

^ew formula, l + ;^;,(v 1 + -t,-,-,-i) 
J^or roimd ends. Round and fixed. Fixed. 

a= 4 -- 1 

From these expressions for the denom. 
inators, I have computed the results 
found in the following 
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For the last two coltimn8f=C=40000, 

£=9337000(1, aiid-^==:ir;r. 
' £jr» 7000 

The first three formulae named in the 
table have been in quite general iise, and 
yet the results shown in tlie table ob- 
tained from them differ in some oaaea 
nearly four hundred per cent., as for in- 
Atance for the Gordon formula applied to 
hollow cylinders. 

Resulta by the Crehore fonnula run 
high in value, one-half of all in the table 
f^ing above those by the first threa 
named formulas. It appears to give bet- 
ter results for hollow than for solid sec- 
tionB. But the large denominator gives 
small column load so that the formula 
erre ijn the safe side. 

Besults by the new formula are seen 
in every case but two, to fall between 
those of the first three " old rehable " 
formulas, and those two are outside only 
Irom one to three per cent. In compar- 
ing the means, we see that the new for- 
nmla falls between the first three. If we 
r^ect the Gordon formula, which is now 



1 



1 


■ _ 




dw mtm 
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To make tlie i-ompahson of 
f'vrmala with ntiiars i:: saoii a v 
he yet more eatisfik:ti.>F7 to prai 
tf.fi breaking load L>f 33 cc 
:bl iiTHi, boietl and open I 
fal brMges. has been 
isit« the brea 
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by actaal test in a testisg machine. 
Q the table is placed the calculated 
ng load as found from the Bankine 
la, the Bouscaren-Keystone for- 

and of the Bankine formula as 
d over by Prof. Baldwin for new 
ients, and given in his article above 
3d to. 
ill cases except in Baldwin's for- 

the coefficient in the numerator 
ponding to the resistance to crusli- 
as taken at 40,000 lbs. In Bald- 
formula all the coefficients were 
as given in the Magazine. The 
of € for the new formula was used, 
, in a few cases, as given by the ex- 
3nts, when given. Corrections were 
for pin friction, and for excessive 
pacing for two cases. But these 
)ly effect the final result only 2 or 
?ent., because the number, of cor- 
is needed were so few. But the 
ait. for the individual cases was 
mes vorv considerable. The break- 

ft. 

ids stated are per square inch of 
section of column. 



I find no mention to 1 
paper to the society. 

The coliinma cited ar 
fonUB of b»iilt colunuM 
P. "Plioenis," hollofl 



" Keyatone," octaij 

Hanged segment 

rically. 
"American," two fli 

to the flanges 

beam. 
" Square," hollow, ti 

ol^tmel baism 



3d 

in 

It 

♦H- 

be 

ve 
lO, 
*or 



I 
p 

ft 
p 

K 



S. 



le in 
beat! 



worked out and given in the second 
at the foot of BnnkiDe'e column of di 
ferences. The reduction from 40.000 to 
3li,000 is evideutl,v too great ae in one 
set the — values predominate, while in 
the other it is with the + valnea. 
estimate made on this score would 
cate that 38,000 would be about the 
valnefor the Banldne formulas, the same 
indeed as is known to be in use by aome 
By. OoB. It appears also that 40,000 is 
too great for the Keyetone formula. 
In glancing over the four last coli 
it is seen that in the first the 
are ciiieflj among the reanlts for 
while the + signs predominate at 
round ends. This indicates that the 
kine formulas n.re constitutionally at'ffti 
or perhaps that the 1, ^, and 4, oo( 
ents to the last term of the denoi 
for flat, flat and round, and round, «ni 
differ too much. As adopted in the 
caren-Kcystone formula, viz.: 1,5' 
the tliscrepancies would probably be 1( 
as indeed the column footings Bh( 
e coe£&cieiLts it would a^] 



ii&t a better niuuerator wonld he fibuut 
|S,000. 

The ooIuDUi of difTereiK^es due to tli« 
Baldwin formula are found to be far more 
Btiefactory tban either of the two pre- 
leding it. Thiit is to say, the signs are 
Bore generally intermixed, (he + and — 

dues sum up more neai-ly equal to ewih 

.her numerically, and tlie average dis- 
repancy, without sign is smaller. 

If, however. Nob. 20 and 34 were cut 
mt from the table, the + and — sums 
pould more uearly agree in value for the 
Etankine formula than for any of the 
rthers. But the mean error without 
Kgn would be liigher than for any of the 
tthers, as indicated by the figures given 
Pbough the Bitldwin formula Htill excels 
iie Bankine and Keystone formulas in 
3ie BmaUnesfi of mean error, yet the dif- 
ference ia + and — Bums is gi-eater. 

But in every ruspect we find the last 
Iphuun of figures, which are due to the 
^w formula, by far the most favorable. 
Chat is to say, the individual discrepan- 

8 ia that column run lower in value 



[differ I 

ilJRcrepancy, is lowest. ThiB,tl 
the fact timt the theoretical 'f 
and 4 are employed, whei 
formtdns, tbej seem to differl 
would indicate that the new] 
more nearly theoretically ] 
any of the others. But, in 
advantages, the new formula j| 
nately, less oonyenient in appl 
the others, aad the qneBtJoOj 
lees arise in practice, whethol 
an important Btnieture, to t 
additional hour required furl 
tniatworthj results 



be point of niptiire, the formiilft may be 
eed without hesitation. The point of 
nptore 18 hero meant to bf eitlier for 
Opture by tension or eompreseion. For 
a mateniU as east iron it may be 
to be g;uide(I partly by empiri- 
a, especially for long colurona, where 
rupture mny take place on the con- 
ride by tension, betiause, in tension, 
be e rapidly falls off in vtilue, as rupture 
approached. But in compression, e is 
are nearly constant, and hence in short 
Inmns the formula will probably apply 
8th greater exactitude. 
The great difference in the ultimate 
idstances to tension and compression in 
iBt iron will also cause an approach to 
iptlire on the conves side, relatively, 
ach sooner than for other materials, so 
At the rapidly diminishing value of f 
En effect much shorter cuhunns than 
lerwise. For cast iron in particular, 
ictrflfore, it may be necessary to use a 
value of the moduKis of compression 
of e, and more so as the length in- 
say 60,0UO to 80,000 ioc l&Dii 




armulas, or require a modificntion of 
jrmer oneR. 

' In tfaa above tables. comparisonB wei-e 
lade only witb formulas which are pro- 
Deed to be perfectly general. But 
IVautwine!) Pockethook cites sis differ- 
pt formulas by D. J. Wliittemore., C. E., 
rhioh, accordingly, wonld be required in 
omputing Btraint) for three of tlie forms 
I colnmnsiii the above table,and includ- 
»g only 17 of the experimental tests, 
lioagh Whittemore gives 12 difl'erent 
Wmulas, only fi apply, and half of the 
kpflrimeutal columns cited in the table 
)k left by him withoat a formula. 

In a recent paper by Prof. Wm. H. 
hiiT, ten diiferent formulas are produced 
rom twenty-nine espeiiments. The es- 
lenments are mostly cited in the above 
Kbie, and the formulas, when the whole 
en are used, each for its intended form 
i column, give results agreeing remark- 
fcly well with the experiments. The 
bean error, regardless of sign, is 1720 — 
1 quantity less by about 33 per cent. 
ttie mean by the new formula from 



n _ 



^^Phmb is Bbont 50.000 lbs. pa- sqo*i« J 
^K^ and tfae ) put, or 10,000 lbs., is ' 
an abeohite coQTentionaliam 
bndg« boildere, and qiat be ie~ 
prded nearly in tbe sense of an abeoliite 
BiodnlaB of workjng resislancg to tenaon. -t 
Accordingly, \ ie prefixed to oohima ] 
Eonnnlse (Rankine'e and Gordoa^td^te^ 
bridge engineers, as S^^Ma^^^^l 
proper fractional part of the Qltinj^^^^l 
which is to serve as tb^^^^l 
Woriang resistance. Bnt in empirical 
Eormnl&E, where the compositioQ of the 
ponstAots is nnknown, tlija is a blind 
pnetice, because, from analogy with eye- 
strains, \ of the ultimate compresnTe 
of the material is evidently 
it, instead of \ of the resistance of 
be column. j 

This matter can be corrected in tha I 
ktional formnlas. and it will be seoi I 
•t tfie "^" coefficient to the empirical I 
T"*"*"° for columns gives an uninten-l 
ly small safe load A glance an 
mnnlas (114) and (120) will anffice f<»fl 
Thus, (il4) shows \Wb\x3 ^mn«V 



in (120), wTaS^^ocBB 
by taking \ of the bi 
formula. 

To indicate how the " 
fected by the etnpirioal i 
the rationtd method, the 
Lave been compnted for 
the colomne in the prino 
J. Pot 



Plat end 
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ing loatl, does not strain the ma- 

1 to more than about one-aeventh of 

Mb ultimate resiBtance. But fortnnatelT 

tfbja djilerenee is on the safe side, bo 

iKt the majority of esieting columns in 

idges are amply strong. 

^The figures in the last column are all 

a than 8000 lbs., the maximum strain 

! as allowable, that is, the fifth 

± of 40,000 lbs. The differences are 

be considered as provieional, for 

reventing the strains rising in excess 

t the 8000 lbs. by buckling or other. 

By taking \t in place of ^t for compnt- 
f the last column of figures, perliaps 
close an agreement is obtained with 
) oohinm pnweding it as is possible 
ith a simple fraction. From this fact 
appears that the "factor of safety" 
Jly employed for columns has been 
'the neighViorbood of 1;, or that the 
tiiag resistance of iron in columns 
I been from 5000 to 6000 lbs. per 
nre inch, compression. But as a high 
frof t he working resistance to coa^ 



■■^ dl 




[These quantitieB may, indeed, be in- 
adaoed vrith probable greater eonveni- 
for application, giving 



B + sign 



ft" COB 



I.' . 



4- Bign being used to obtain tbe max. 

DipreBsive strain, and the — sign for the 

[. tensile strain. The piece will fail 

Q the first or second, as depending on 

nearest approach of that strain to the 

Ddnlns of crashing or of rupture. For 

roiight iron the + Bign should be used, 

bile for cast iron, except when A and I 

very short, the — sign. The max. 

nin per square inch is t, tension or 

ipreBsion as just indicated, while t' is 

actual average compressive force 
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wliich IB applied to Uie Bemi-columii | 
eqiiare incli of the croes Bection. Forii 
stance, if the section be 10 square inch 
and the compressiTe force applied 1 
100,000 lbs., (= 10,000 lbs. But tl 
mux. f resulting strain in the seml-colmi 
may be (=80,000 lbs. per square inc 
Also h is the distance from the center ( 
gravity of the end cross section to -whet 
the compressive load is applied ; (2, th 
, distance from the center of gravity of tJ) 
middle Be>ction to the aide, cones 
convex, where the strain t is reckoned 
k the radius of gyration of cross section 
I the length of semi column, and f til 
coefficient of elasticity. 

When (f, is taken on the convex aid 
and the 1st term 2d member ^ 1, i 
will have tension (=o. 

Though a direct determination gf t\ 
effected for an assumed value of €, yt 
the converse will doubtless most foj 
qn ently be desired, but cannot be ot 
k direct simple solution. J 
B of (' however will give \ 
e v^ue ioi t- 
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For a case like Fig. 29 it is only nee- 

I 
eesary to put -jr- instead of ^ in ( 125 ) ; 

Whence, for AB=^ AC=A, and for pin 
bearings at C and D, 



^T 



Figure 29. 







hd. 



^" ^^^2^^^- 



^±1 . . (126). 



If there be a load, P, at the middle of 

the semi-column, acting transversely and 

downward in Fig. 29, a suitable expression 

is obtaiiied by substituting M from ( 23 ) 

in ( 8 ), observing that for ( 23 ), I and P 

I P 

should be changed to -^ and -^ and that 

the essential sign of M is — . 

Hence, for pin bearings, and a load P 
at the middle 



r cos n^ 

\ which I = the principal moment oiS 
jjtia of the cross section K, T the W 
jojnpreneiTe force applied, and n b» % 
j\)ove, P is — for acting upward. 

In ordei that the flexural momentij 
tJje middle of the aemi-colnmu bo % 
the parentheBia should be zero. 



2»T 

This vahie of h is expected to be ] 
fttive, and it impUee that when P a 
ao\»nward in Fig. 29, the ai-ms 
^C mnat be laid off downward. 

This equation ia applicable to op] 
ch'^'da of deck bridges which carry's 
goorbeaiu at the middle of each j 
md for determining the poaitioi 

t the max.. load al 

length. 
I coneide::^'"' 




,— ei-eJ^-i^ 



y miJdng h=o in (I'^T), we ubtuin 
expreesion for a colimin witli pin 
rings agaiDBt the middle of wliich 
pa exiate the lateral thruBt P, viz.: 



Prf, 



,1 T 



=2;5*^g'^9±^ 



(129). 



deck bridges where niunerouB floor 

18 rest ou eat^h panel length of the 
r chord, as in somet'mes the eaee 
1 wotJden floor beams on iron truas- 
yre have each panel length serving 
I column mider cross londing, the 
being nearly uniformlj distributed. 
|j expreBBion for ench a cage is ob- 
iad from (35) and (8). Hence for 



\d I IT 

^tang»jtang«-±^ . . (130). 

w te is the loading per unit length. 

tth Fixed Buds and Compression. 
het6 the aemi-cohiimi is fixed at the 
M in Dontinuous upper cliordfi, 
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IK ■ ■ (131). 

»" »t either tt.„ij. 
mei len^ij 

•"■Wbuted loud, „ 
('») and (8) 



greatest. 

ill ia»e frum r^J_ 



'i'sWbuled l™^ 
•txuoduelonj 
""I"", Mia up, 
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per chords of through bridges; and the 
inclined end posts. In the latter how- 
ever gitivity acts with a transverse com- 
ponent only, which is considerably less 
than where the piece is horizontal. 

Other cases, such as for one pin bear- 
ing and one fixed end, is provided for in 
(63), (64), (65) and (8), two floor beams 
and pin bearings in (49), &c., &c. 

Pin Bearings and Tenaion. — In lower 










Figure 30. 



where the longitudinal force is tension, 
chords of bridges and other cases 



•v^ -nnv vvmbine v30> with (8), and ob- 
:fr:^ in ^xprtHssion ^idftpted to Fig. 30. 



'iV'i 



T 



— u 






(134), 



A v'r-:' ' = \S» «id \ =BC. Here d^ will 

<:uv."."v >%i 3l«^H*^ll^«d on the convex side 

.'*■ tjiM, 4ri.l v*iT?re the -J- si^ will gen- 

■ <.' y .>.■ Tv\: '.i- rtrvl Also t wiU probably 

V'v ''-— .-/it :;r Fi:;. 31. will be ob- 




\{um J]. 



/v -. - 



^^ .-J ::: lo4 lv-. cp.v- 



l:3o 



load is app'dtrvl ^t. tae middle, 
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ictiiig downward, we have, by aid of (19) 
md (8), observing that P in (19) is the 
aalf of P here, 

6 2+6 2 

In order that the flexural moment at 
he middle of the beam shall be zero, the 
Ist term, 2d member, should be zero, 
B^hich condition determines h. 

Also h may be zero for a link or eye 
bar. 

For a uniformly distributed load of to 
3er unit length, we have for pin bear- 
ngs 

wd (^ 2 ) T 




IHxed Mids and tension. — For fixed 
mds we may combine (72) and (8) for a 
oad at the middle, and for a distributed 
oad (73) ; and these give strains at the 
aid of the panel length. For the middle 
sufilpj (74). 



^ 












«^ •^ *^ ^ rf ^"^ 



It * 5iani 1- 1«^ i. ^ ^ 



1 :ji. -^ 









inertia as dotted, are excIaBive ot lat^ 




K=8eotioii =12.875 sq. in. 

[=205, axis 3" from plate. 

f =15.93 m.=radins of gyration. 

i, =3.36 in. plate side. 

"=7. " opposite side. 

u)=wt. per inch length 3.6 lbs. 

&s a vertical colnmn with knife bear- 

rg or pioB without friction at center of 

mty of oec. and with a max. strain 

10,000 lbs. per sqoare inch, the resist- 






\^^ ^ flB 



173 

proportional to ?fl when T ie couBtant, so 
.that if this load be increased to iO Ibe. 
per inch or 480 lbs. per ft,, the strain 
will be increased to 5,559 lbs. per sq. in., 
while by the ordinary formvUa, ignoring 
T, it is 4,894 lbs. As an end post in- 
clined at 60° with the horizon the strains 
Trill be reduced by a half. 
Next, let the loading be P at the 
iddle, of 1,000 lbs., with T and other 
as befora As a eol.imn in pin bear- 
, Eq. (127), with A=o, gives for the 
rain due to P 1,090. lbs. per aq. in. 

the ordinaiy formula it is 985. 
^transferring the pins to the top of end 
^ons, other conditions as lu the last, 
en A=3.36 in. in (127), and the strain 
te to Ist tei-m of 2d member of (127) is 
►90 + 578=1608. 
To find where to place the pins so that 

moment of strain and the middle 

iall be zero, we have from (128) A= 
)6.34 inches, which is within J of an 
of the bottom. 

I a last example, let the aggregate 
o| an iron lower chord be 4'' 
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